In this paper, the spectrum and resolvent of the operator L λ generated by the differential expression λ (y) = y + q 1 (x)y + [λ 2 + λq 2 (x) + q 3 (x)]y and the boundary condition y (0) -hy(0) = 0 are investigated in the space L 2 (R + ). Here the coefficients q 1 (x), q 2 (x), q 3 (x) are periodic functions whose Fourier series are absolutely convergent and Fourier exponents are positive. It is shown that continuous spectrum of the operator L λ consists of the interval (-∞, +∞). Moreover, at most a countable set of spectral singularities can exists over the continuous spectrum and at most a countable set of eigenvalues can be located outside of the interval (-∞, +∞). Eigenvalues and spectral singularities with sufficiently large modulus are simple and lie near the points λ = ± n 2 , n ∈ N. MSC: 34L05; 47E05
Introduction
In this study, the spectrum and resolvent of the maximal differential operator L λ generated by the linear differential expression λ (y) = y + q  (x)y + λ  + λq  (x) + q  (x) y and the boundary condition y () -hy() =  have been investigated in the space L  (R + ).
Here λ, h are complex parameters, R + = (, +∞) and
with complex coefficients q jn for which Let Q be the class of periodic functions q(x) = ∞ n= q n e inx with q(x) = ∞ n= |q n | < +∞, then Q is a complex normed space and q  (x), q  (x), q  (x) ∈ Q.
It is clear that if at least one of the functions q j (x), j = , , , is not zero, then the operator L λ is non-self-adjoint for each λ ∈ C.
In the study [] , the Floquet solutions of equation λ (y) =  in the case q  (x) ≡ q  (x) ≡  were constructed, and using these solutions direct and inverse spectral problems were investigated for the operator L = -
in the space L  (R). Later, using some different methods, the inverse problem for the operator L = - ∞ n= is an increasing sequence of positive numbers and the set {α n : n ∈ N} is an additive semigroup. The spectrum and resolvent of a pencil of high order differential operators with periodic and almost periodic coefficients were investigated in [] and [, ], respectively. The inverse problem for a pencil of n order differential operators with periodic coefficients from the class Q was studied in [] . The pencil of the second order differential operators with periodic coefficients was investigated in [, ] . Afterwards, the spectrum and resolvent for the pencil of the second order differential operators with almost periodic coefficients from the class AP + under more general conditions on the coefficients were investigated in [] . In all of these studies, the examined operators have a pure continuous spectrum, and the continuous spectrum consists of a half-line or union of lines pass from origin; moreover, there may be at most a countable number of spectral singularities on the continuous spectrum of the examined operators.
In the present study the operator L λ is investigated in the space L  (R + ). It is proved that the continuous spectrum of the operator pencil L λ consists of the interval (-∞, +∞) and there may be at most a countable set of spectral singularities on the continuous spectrum. Moreover, there may be a countable set σ p (L λ ) of eigenvalues outside the interval (-∞, +∞), singular values λ ± n (eigenvalues or spectral singularities) with sufficiently large modulus are simple, lie in the neighborhood of points λ = ± n  , n ∈ N and satisfy the asymptotic formula
Note that the analogous problem was investigated in [] for the operator pencil L λ generated by the differential expression λ (y) and the condition y() =  in the space L  (R + )
in case q  (x) = iq  (x).
Floquet solutions of the equation λ (y) = 0
The system of linear independent solutions of an equation of type λ (y) =  with almost periodic coefficient from the class AP + was investigated in [] . According to Theorem  in the study [] , we can formulate the following theorem related with the equation
where the series
is uniform convergent in each compact set S ⊆ C which does not contain the numbers λ =
The solutions f  (x, λ) and f  (x, λ) can be used for the investigation of the structure of the spectrum and the kernel of the resolvent operator of L λ , but they are not sufficient for studying the asymptotic of the singular values of the operator L λ . For this reason it is convenient to use the Floquet solutions of the form
with conditions
It is clear that these representations of the solutions are a modified form of formulas ().
The special solutions of type () are used in [, ] under various conditions on the coefficients of the considered equations. We use the following theorem about existence of the Floquet solutions of equation ().
where the sequences {u n }, {u kn } of complex numbers are uniquely determined from the system of equations
and the series
converge.
Proof If we assume the existence of the solution of equation () of the form (), according to convergence of series (), we can find the derivatives of f (x, λ) with respect to x as follows:
If we substitute these expressions in equation () and divide both sides by e iλx , according to uniqueness properties of the Fourier series, we have the following system of equations for the sequences {u n }, {u kn }:
From this system we get the system of equations
to determine {u n }, {u kn }. The last system of equations can be rewritten as (). Therefore the sequences {u n }, {u kn } in the expression of solution () of equation () satisfy system (). On the contrary, if {u n }, {u kn } satisfy the system of equations () and series () converge, then the function f (x, λ) determined by formula () is a solution of (). Therefore to prove the theorem, it is sufficient to show the solvability of system () and the convergence of series (). It is easy to see that the system of equations () has a unique solution. Indeed, from the second equation of system (), the sequence {u n } is determined by the recurrent manner uniquely. Furthermore, by the known sequence {u n }, from the first and third equations of system (), the sequence {u kn } is also determined by the recurrent manner uniquely. It is not easy to prove the convergence of series () for the sequences determined from system (). However, in the special case q  (x) = iq  (x) this is proved in [] (see Theorem ). The existence of solution () can be proved by reducing to this special case. For this reason, we make the substitution y(
If we take into account the expression of the function y(x) in equation (), we have
where
, we have that equation () has the solution of the form
where the series 
∈ Q which is satisfied in the normed space Q, the convergence of the series (
n=k n  |u kn | can be easily proved. Therefore we have that series () converge for solution
The theorem is proved.
In order to find the second solution of equation () which is linearly independent with the solution f (x, λ), we put μ = -λ in equation (). Then equation () is written as
Then, for each λ = n  , n ∈ N, the function
is the second solution of () where the series ∞ n= |v n |n  and
In what follows we use representations () for the solutions f (x, λ), f (x, λ).
Corollary  If the functions q
in R for which the series of type () converge.
Corollary  For each x ∈ R, the functions f j (x, λ), j = , , and their derivatives f j (x, λ), f j (x, λ) with respect to x are meromorphic functions with respect to λ, and they may have only simple poles λ = (-) j n/, n ∈ N, and they are also continuous functions of pair (x, λ)
linearly independent in each interval and their Wronskian is W
Note that if at most one of the functions q  (x), q  (x), q  (x) is distinct from zero, then the functions f j (x, λ) have at most one pole. Namely, if U 
Theorem  The operator L λ has at most a countable set of eigenvalues in C\R.

Proof It is easy to see that
if and only if the eigenvalue equations
Since  (λ) and  (λ) are holomorphic functions in the upper and lower half planes respectively, these equations have at most a countable set of roots in C\R, i.e. σ p (L λ ) is a countable set. The theorem is proved.
Theorem  The residual spectrum of the operator L λ is an empty set
, i.e. σ r (L λ ) = ∅.
Proof Since the operator L λ is one to one for every
. In here, if we take into account that the operator L * λ is generated by the linear differential expression * 
are linearly independent solutions of equation () for λ = , ± n  , n ∈ N. By the uniqueness theorems for the analytic and almost periodic functions, it is easy to see that
From the explicit form of functions
only exists for values of the parameter λ satisfying the equation
and
Thus
By this, we have that if λ ∈ C\R is an eigenvalue of the operator L * λ , then λ is an eigenvalue of the operator L λ . However it contradicts the fact that λ ∈ C\σ p (L λ ). Consequently, all λ ∈ C\R do not belong to residual spectrum of the operator
. If we apply the Lagrange method by using Floquet solutions of equation (), we find the solution of () as
in . It is easy to see that the function
is the solution of equation () with the conditions ϕ(, λ) = , ϕ (, λ) = h + q  () and the function
is the solution of equation () with the conditions f (, λ) = w  , f (, λ) = hw  . Therefore, these solutions are holomorphic functions of λ in C. Using these expressions we can write
By these formulas the function G(x, t, λ) is analytic with respect to λ at point λ for which  (λ) =  and  (λ) = . From the explicit expression of functions
where C(λ) > , τ = | Im λ|, ∀x, t ∈ (, +∞). From here we have that
By considering formulas (), () it can be proved by the standard method (see [] , pp.-) that for each f (x) ∈ L  (R + ) the function
belongs to L  (R + ) and satisfies the condition Thus the following theorem is true.
The asymptotic formulas for singular values of the operator L λ
In this section we specify the location of the singular values of the operator L λ on the λ complex plane and show that the singular values with sufficiently large modulus are located close to the points λ = ± n  , n ∈ N. Note that by the singular values of the operator L λ we mean the eigenvalues and spectral singularities of the operator L λ . For this reason we show that the singular values are located on the set E α = {λ|λ ∈ C, | Im λ| < α, Re λ < α} for some α > . Let us prove this fact for the case 
Because of |k + λ| ≥ α >  and |λ| ≥ α > |h| for each λ ∈ C\E α , k ∈ N, the following inequalities
are satisfied. According to above inequalities, we get
For some α satisfying this condition, the equation  (λ) =  does not have any root outside the set E α . On the other hand, the function  (λ) is holomorphic at every interior point λ = -k  (k ∈ N) of the set E α and on the boundary of this set. Then the equation  (λ) =  may have at most a countable set of roots in the set E α , and all these roots may have the unique limit point at infinity. Let us show that the roots of the equation  (λ) =  with sufficiently large modulus are located close to the points λ = -n  , n ∈ N. For this, taking into account the absolute convergence of the series 
we have the inequality 
